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ABSTRACT
A number of correlations between observables have been found to exist for gamma-ray
burst (GRB) afterglows, linking ejecta energy to prompt and afterglow energy release and
linking early stage optical and X-ray luminosity to the end times of these stages. Here, these
correlations are compared to thick and thin shell models for GRB afterglows. In the thick shell
model, the time evolution of the underlying relativistic blast wave is still influenced by the
original ejecta, while in the thin shell model most energy in the explosion has been transferred
to the external medium. It is shown here that the observed correlations rule out basic thin shell
models but not the basic thick shell model. In the thick shell case, both forward- and reverse-
shock-dominated outflows are shown to be consistent with the correlations, using randomly
generated samples of thick shell model afterglows.
Key words: hydrodynamics – plasmas – radiation mechanisms: non-thermal – shock waves –
gamma-ray bursts: general.
1 IN T RO D U C T I O N
In no small part due to the launch of the Swift satellite about ten
years ago (Gehrels et al. 2004), the amount of high-quality, early-
time gamma-ray burst (GRB) afterglow data have increased consid-
erably. The Swift era has revealed new features that pose additional
constraints on theoretical models, such as X-ray plateaus lasting up
103−4 s for long GRBs (Nousek et al. 2006; Zhang et al. 2006),
where the emission decays more slowly than expected for a de-
celerating afterglow blast wave. A plateau provides at least a flux
level, light-curve slope and a turnover time to normal light-curve
decay that need to be accommodated by any valid model. In addi-
tion, more early-time optical afterglow data are becoming available
from the Swift-UV-Optical Telescope (UVOT) and ground-based
observatories, revealing the existence of a separate early stage in
the light curves in these bands as well (see e.g. Panaitescu & Ves-
trand 2008, 2011; Filgas et al. 2011; Li et al. 2012 for examples),
and again implying additional afterglow blast wave evolution in
addition to late-time deceleration. Optical and X-ray early stages
might not necessarily lie in the same spectral regime and there-
fore yield different constraints. Additionally, a number of recent
studies report a series of correlations between various early stage
parameters and other burst parameters that might serve to confirm
or invalidate our previous notions about the GRB and afterglow
mechanism (Dainotti, Cardone & Capozziello 2008; Dainotti et al.
2010, 2013; Dainotti, Ostrowski & Willingale 2011a; Panaitescu &
 Alexander von Humboldt Fellow.
†E-mail: hveerten@mpe.mpg.de
Vestrand 2011; Li et al. 2012; Grupe et al. 2013; Margutti et al.
2013).
GRB afterglows are expected to be produced by non-thermal
emission from highly relativistic outflows. For massive relativistic
ejecta, two categories of models can traditionally be identified:
those with a thin shell and those with a thick shell (Sari & Piran
1995; Kobayashi, Piran & Sari 1999; Kobayashi & Sari 2000). An
afterglow blast wave shell is considered thin if its initial width is
so small that it quickly ceases to leave an imprint on the ejecta
dynamics, which will then be dictated by the current ejecta radius
and Lorentz factor instead. Specifically, this will occur before the
reverse shock (RS), generated by the impact between ejecta and
environment and running back into the ejecta, becomes relativistic.
For thick shells, the RS will become relativistic during crossing of
the ejecta and this will alter the ejecta dynamics.
In the collapsar scenario (Woosley 1993; MacFadyen & Woosley
1999), the GRB is the result of the collapse of a massive star into
a black hole. In this case, there is no clear mechanism to power
outflows for 104 s. Unless the ejecta are emitted with a range of
Lorentz factors, where slower shells will fall behind faster shells
initially before catching up (see e.g. Granot & Kumar 2006; Nousek
et al. 2006), the initial width of the ejecta will therefore be set by the
size of the progenitor system or speed of light c times the duration of
the prompt emission. Combined with the ultrahigh Lorentz factors
that are typically inferred from the prompt emission, this naturally
leads to a thin shell scenario where the shell starts to decelerate
around 102 s (in the observer frame), and no plateau-type deviation
from a standard decelerating shell afterglow light curve is expected.
However, this also assumes that the initial Lorentz factor of the
ejecta responsible for the afterglow emission is that of the outflow
C© 2014 The Author
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generating the prompt emission, which is not necessarily the case.
For example, the production of a massive slower moving shell (‘co-
coon’) around the prompt emission outflow is a natural by-product
of collapsar jet breakout. This cocoon is expected to be only mildly
relativistic (see e.g. Ramirez-Ruiz, Celotti & Rees 2002; Zhang,
Woosley & MacFadyen 2003; Morsony, Lazzati & Begelman 2007).
While still a thin shell in the previously defined sense, this would
lead to an observer frame deceleration time around 104 s, similar
to the end time of the plateau. Two-component jet models (e.g.
Ramirez-Ruiz et al. 2002; Peng, Ko¨nigl & Granot 2005; Granot,
Ko¨nigl & Piran 2006) therefore provide a natural candidate to ex-
plain afterglow plateaus (for optical and X-rays examples, see e.g.
Berger et al. 2003; Filgas et al. 2011). Alternatively, the Lorentz fac-
tor of the blast wave could have dropped considerably early on due
to a high mass density immediately surrounding the progenitor but
not extending sufficiently far outwards to impact the integrated col-
umn density at radii where the majority of afterglow emission takes
place (and therefore not affecting the inferred values for afterglow
densities from broad-band modelling).
Other favoured explanations for afterglow plateaus include some
form of energy injection into the jet. These can lead to thick shell-
type scenarios where the width of the shell is set by the duration
of the energy injection, be it through a continuum of sufficiently
energetic shells with decreasing Lorentz factor entering the RS or
through a continuing source luminosity. A leading candidate for the
source of the injection of energy of the latter type is a magnetar, an
extremely magnetic and (temporarily) stable neutron star formed at
the moment of collapse, that sheds its rotational energy (Duncan &
Thompson 1992; Usov 1992; Dai & Lu 1998; Zhang & Me´sza´ros
2001).
Finally, there are explanations for differing early-time afterglow
behaviour that do not include altering the jet dynamics. Examples of
these include time evolution of the microphysics parameters (Granot
et al. 2006) and viewing angle effects (Eichler & Granot 2006).
In this study, I discuss the implications of the separate corre-
lations in optical and X-rays between early stage end time T and
X-ray and optical luminosities LX and LO at this time, and the ab-
sence of a clear correlation between break time and total energy,
for thick and thin shell scenarios of GRB afterglows. The relevant
(non-)correlations are described in Section 2. In Section 3, the im-
plications of the correlations for the thick and thin shell models
are described, and RS emission in a thick shell scenario is found
to be favoured in theory. Section 4 explores these implications for
randomly sampled synthetic light curves generated from reasonable
underlying distributions of the model parameters. In practice, both
reverse and forward shock (FS) thick shell emission are found to be
consistent with the correlations, with the preference for RS emis-
sion not sufficient to overcome the noise level in the statistics. Thin
shells models remain ruled out. Section 5 closes off with a summary
and additional discussion.
2 SO M E K E Y ( N O N - ) C O R R E L AT I O N S
GRB afterglow light curves and prompt emission can be described
by two types of parameters, those that are either directly observable
(e.g. plateau phase end time T ) or those inferred based on some
underlying model (e.g. inferred isotropic equivalent energy of the
ejecta Eiso). Over the past few years various groups have reported on
the existence and absence of correlations between various parame-
ters. One correlation that was reported early on (Frail et al. 2001;
Panaitescu & Kumar 2001) is that between isotropic equivalent
energy release in gamma-rays Eγ , iso and Eiso(t ≥ T),
Eγ,iso ∝ Eiso(t ≥ T ). (1)
Once Swift revealed the existence of plateaus, raising the possibility
of prolonged injection of energy, Eiso could no longer be assumed
constant throughout the entire light-curve evolution. However, cor-
relation 1 holds also at a specific early time tc (the ‘deceleration’
time, see e.g. Sari & Piran 1995; Panaitescu & Kumar 2000 and the
discussions in Granot et al. 2006; Zhang et al. 2007).
A correlation between two observable quantities, X-ray luminos-
ity LX(T) (erg s−1) and plateau break time T, has been reported by
Dainotti et al. (2008, 2010, 2011a, 2013) and Margutti et al. (2013):
LX(T ) ∝ T −(1.07+0.20−0.09), (2)
hereafter referred to as the ‘LTX correlation’. Both Dainotti et al.
(2013) and Margutti et al. (2013) study large samples, and the for-
mer perform a detailed analysis of potential intrinsic redshift-based
biases and redshift-induced observational biases as well. The results
from both studies are consistent within their 1σ errors. In the equa-
tion above we list the best-fitting value from Dainotti et al. (2013),
but increase the error bars to include the outer range from Margutti
et al. (2013), to be on the safer side. The correlation is stronger in the
rest frame of the burster, and equation (2) is expressed in this frame.
In the remainder of this manuscript, all quantities are expressed in
this rest frame. Fixed redshift z = 0 and fixed luminosity distance
dL are used when quantities are generated from thick and thin shell
analytical models, allowing us to ignore redshift effects and to con-
flate luminosity L and (monochromatic) flux F (erg s−1 cm−2; erg
s−1 cm−2 Hz−1 if monochromatic) as far as correlations are con-
cerned. The LTX correlation and its optical counterpart, discussed
below, are assumed to be free from observational and redshift biases
(see Dainotti et al. 2010, 2011a,b, 2013). The consistency between
Margutti et al. (2013) and Dainotti et al. (2013), and the discussion
by the latter authors, support the notion that these biases would not
be problematic even when not explicitly accounted for. We will,
however, further ignore the correlation between X-ray flux and ob-
server plateau end time reported by Margutti et al. (2013), where
the imprint of redshift skews the slope.
A similar correlation between optical (R-band) luminosity LR(T)
and T (‘LTO correlation’) at early times is reported by Panaitescu
& Vestrand (2011) and Li et al. (2012):
LO(T ) ∝ T −0.78±0.08, (3)
using the error bars from Li et al. (2012); the sample from Panaitescu
& Vestrand (2011) is significantly smaller. In the current study, I
will show their error range separately in plots. The end times for
this early optical phase and for the early X-ray plateau phase were
found be roughly consistent (Li et al. 2012). As is the case for X-
ray light curves, where plateaus are seen in roughly one third of the
Swift XRT sample (Liang, Zhang & Zhang 2007; Evans et al. 2009;
Racusin et al. 2009; Margutti et al. 2013), not all optical light curves
include an early shallow decay stage (Li et al. 2012 report 39 out of
146). In both X-rays and optical, the presence of flaring behaviour
can render precise determination of underlying early-time features
more difficult. Interestingly, the slope of the optical correlation is
different from that in X-rays even accounting for the error bars in
equations (2) and (3). This strongly suggests that we are not looking
at the same spectral regime in X-rays and optical, consistent with
earlier studies comparing optical and X-ray emission for individual
bursts (see e.g. Greiner et al. 2011).
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2416 H. J. van Eerten
Li et al. (2012) further report that they did not find a correlation
between T and ER, iso, the total R-band energy release in the plateau
phase from 10 s to T, while a rough proportionality was observed
between ER, iso and Eγ , iso. Similarly, Margutti et al. (2013) report
correlations between the energy release in X-rays EX, iso and Eγ , iso,
regardless of whether EX, iso is calculated for the entire light curve
or just the plateau phase, as well confirming the absence of a cor-
relation between T and EX, iso or Eγ , iso reported by Dainotti et al.
(2011a). In view of equation (1), the results from Li et al. (2012),
Dainotti et al. (2011a) and Margutti et al. (2013) imply that Eiso and
T are uncorrelated.
3 M O D E L I M P L I C AT I O N S O F
C O R R E L AT I O N S
3.1 Basic thin shells
In a thin shell two-jet or jet–cocoon interpretation of the plateau
phase, the observed break time T follows from the deceleration
radius of the broad, slow jet and is given by (Sari & Piran 1995; Yi,
Wu & Dai 2013):
T ∝
(
Eiso
nrefR
k
refmpc
2
)1/(3−k)/
(η2(4−k)/(3−k)c). (4)
Here mp is the proton mass, nref the number density of the circum-
burst medium at reference distance Rref, k the circumburst density
radial slope (i.e. n ≡ nref(r/Rref)−k) and η the initial Lorentz factor
of the ejecta. The thin shell model therefore predicts a clear correla-
tion between Eiso and T, e.g. T ∝ E1/3iso for a homogeneous medium
with k = 0, rather than the reported non-correlations. This provides
a strong argument against thin shell models, although at this point
it is still possible that, in practice, a correlation of this type remains
buried in the noise for a sample of afterglow light curves drawn
from broad underlying distributions of variables such as Eiso, nref.
We will return to this in the next section.
In a standard synchrotron emission model (Wijers, Rees &
Meszaros 1997; Sari, Piran & Narayan 1998; Granot & Sari 2002),
the spectrum is characterized (across the frequencies under consid-
eration) by a peak flux Fpeak, a characteristic break frequency νm
associated with the lower Lorentz factor boundary on the shock-
accelerated electron population and a characteristic frequency νc
associated with the electron Lorentz factor beyond which the cool-
ing time becomes short enough to become noticeable across the
ejecta. Following Granot & Sari (2002) and Van Eerten & Wijers
(2009) for the labelling of the indices D, E, F, G, H, the various
power-law components of the spectrum potentially observable at
frequency ν, can be summarized as
FD ≡ Fpeak(ν/νm)1/3 : ν < νm < νc,
FE ≡ Fpeak(ν/νc)1/3 : ν < νc < νm,
FF ≡ Fpeak(ν/νc)−1/2 : νc < ν < νm,
FG ≡ Fpeak(ν/νm)(1−p)/2 : νm < ν < νc,
FH ≡ Fpeak(νc/νm)(1−p)/2(ν/νc)−p/2 : νm, νc < ν, (5)
where p is the power-law slope of the shock-accelerated electron
population, such that electron number density ne depends on elec-
tron Lorentz factor γ e according to ne(γe) ∝ γ−pe .
For thin shells, the deceleration time, the moment when the RS
crosses the ejecta and the point when the RS becomes relativistic, all
occur approximately at T and together mark the end of the plateau.
With T itself a function of Eiso, η and nref, the luminosities at this
point in time can be expressed as (Gao et al. 2013; Yi et al. 2013)
LD ∝
(
η
3+k
3(3−k) or η
2(k−2)
3−k
)
n
1
3−k
ref E
9−4k
3(3−k)
iso ,
LE ∝
(
η
5+3k
3(3−k) or η
2(3k−2)
3(3−k)
)
n
7
3(3−k)
ref E
11−6k
3(3−k)
iso ,
LF ∝
(
η
3
3−k or η
k
(3−k)
)
n
3
2(3−k)
ref E
3(2−k)
2(3−k)
iso ,
LG ∝
(
η
12−k+6p−pk
2(3−k) or η
12−k+12p−3pk
2(3−k)
)
n
3(3+p)
4(3−k)
ref E
12−7k−pk
4(3−k)
iso ,
LH ∝
(
η
4−2k+6p−pk
2(3−k) or η
2k−8+12p−3pk
2(3−k)
)
n
3p−2
4(3−k)
ref E
8−2k−pk
4(3−k)
iso .
Emission from the RS and FS regions differ only in their
η-dependences. In the above, the first option refers to RS, the sec-
ond to FS emission. There is no spectral regime for which the Eiso,
nref and η dependences of T can be used to reduce the flux to a
function of T only. It follows that no LTX/LTO type correlations (or
any correlations at all) emerge from a basic thin shell model where
the physics parameters are free to vary.
3.2 Extensions to the basic thin shell model
Although the basic thin shell model does not by itself lead to
LTX/LTO correlations, it might still be possible in theory for them
to emerge once certain constraints on the underlying physics pa-
rameters are met. These constraints could take the form of specific
cross-correlations between Eiso, nref and η. In principle, such a
cross-correlation between the three progenitor parameters is physi-
cally possible and its existence would provide a further constraint on
possible progenitor models. More energetic explosions, for exam-
ple, might be linked to higher Lorentz factor outflows, or be tied to
a given type of progenitor star and therefore some regime of associ-
ated pre-explosion mass-loss that shapes environmental density nref.
So, while it should be emphasized that this represents an extension
of the basic thin shell model, it is of interest to explore what form
such cross-correlations should take in order to satisfy the LTX/LTO
correlations. In its most general form, additional cross-correlations
are covered by
Eiso ∝ nwrefηr , (6)
nref ∝ ηs, (7)
where equation (6) covers both three-point correlations between all
three quantities as well as correlations between energy and den-
sity or Lorentz factor separately. These can then be plugged into
equation (4) as well as
L ∝ Eαisonβrefηγ ∝ T X, (8)
where coefficients α, β and γ are typical to a given spectral regime
and X either the LTX correlation or LTO correlation. In order to
obey a given correlation for a given spectral regime, w, r and s
should obey
w = (−X − βk − 3β)(3α − αk − X)−1,
r = (−8X + 2kX − 3γ + γ k)(3α − αk − X)−1,
s = (8X − 2kX + 3γ − γ k)(−X − 3β + βk)−1. (9)
For three-point correlations, the conditions on both w and r need to
be met simultaneously. In the case of two-point correlations, with
only one out of w, r or s being applicable, the parameter not affected
MNRAS 445, 2414–2423 (2014)
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Table 1. LTX constraints on cross-correlations Eiso ∝ nwrefηr
and nref ∝ ηs, from equations for w, r, s provided in the text.
Integer entries without errors represent cases where the equation
for s is independent of LTX correlation slope X. Ranges are
provided for s entries in cases where the s equation contains a
singularity within the error range of X and all values for s are
possible except those within the given range. The value p = 2.2
has been used for spectral regimes dependent on p.
w r s
k = 0 D 0.02+0.05−0.02 1.86+0.29−0.14 [−33.93, 342.00]
RS E −0.27+0.05−0.02 1.46+0.27−0.13 5.46+2.53−0.89
F −0.11+0.05−0.03 1.37+0.31−0.15 12.93+18.20−3.62
G −0.70+0.08−0.04 −0.99+0.42−0.20 −1.43+0.50−0.20
H −0.03+0.06−0.03 −0.01+0.49−0.24 [−13.00, −4.47]
k = 0 D 0.02+0.05−0.02 3.09+0.23−0.11 [−52.44, 592.00]
FS E −0.27+0.05−0.02 2.09+0.24−0.11 7.83+2.98−1.05
F −0.11+0.05−0.03 1.73+0.29−0.14 16.42+21.23−4.23
G −0.70+0.08−0.04 −2.61+0.50−0.24 −3.76+0.32−0.13
H −0.03+0.06−0.03 −0.21+0.50−0.25 −8
k = 2 D 0.05+0.12−0.07 1.86+0.27−0.15 [−12.64, 112.67]
RS E −1.71+0.58−0.38 0.83+0.68−0.44 0.49+0.84−0.30
F −0.40+0.22−0.13 1.20+0.44−0.26 2.98+6.07−1.21
G 5.34+2.63−0.63 9.66
+3.43
−0.82 −1.81+0.17−0.07
H −0.08+0.19−0.11 −0.12+0.70−0.42 [−5.67, −2.82]
k = 2 D 0.05+0.12−0.07 3.05+0.12−0.07 [−18.81, 196.00]
FS E −1.71+0.58−0.38 2.19+0.39−0.25 1.28+0.99−0.35
F −0.40+0.22−0.13 2.60+0.22−0.13 6.47+9.10−1.81
G 5.34+2.63−0.63 13.81
+5.95
−1.42 −2.59+0.11−0.04
H −0.08+0.19−0.11 −0.33+0.74−0.44 −4
by the correlation should somehow be universally fixed, in that it
either does not vary at all across bursts, or that its range is negligible
relative to the impact of the parameter ranges on T and LX and LO
of the other two physics parameters. In practice, afterglow data
analysis efforts since 1997 reveal all three parameters to vary over a
substantial range, arguing against the route to LTX/LTO correlations
from two-point cross-correlations. The allowed ranges for w, r, s
are tabulated in Tables 1 and 2 for the LTX and LTO correlation,
respectively.
There exist no possible combinations of spectral regimes that
allow for a possible three-point correlation that is able to satisfy both
the LTX and LTO correlation, even if a different spectral regime or
blast wave region is responsible for LTX than for LTO, either for
k = 0 or k = 2, as can be seen by comparing the permitted w and r
intervals from the two tables.
Another possibility, not requiring additional correlations between
Eiso, nref and/or η, would be if not just one, but two out of the three
parameters were somehow universally fixed. The correlation would
then have to follow completely from the dependences of time and
luminosity on the single varying parameter. In Table 3, the options
for single parameters to give rise to LTX/LTO correlations are listed.
It is not possible to obtain the LTO correlation in the ISM case. In
the wind case, the requirement is that the RS emission is dominant,
while νc  νm. Especially in combination with the requirement that
not one, but two of the physics parameters have no impact on T and
LF, this too does not seem a likely scenario.
Table 2. Same as Table 1, now for the LTO correlation.
w r s
k = 0 D −0.06+0.02−0.02 1.39+0.14−0.14 23.82+18.18−8.48
RS E −0.35+0.02−0.02 1.03+0.12−0.13 2.94+0.59−0.54
F −0.19+0.02−0.03 0.86+0.15−0.15 4.50+1.56−1.25
G −0.83+0.04−0.04 −1.68+0.20−0.21 −2.04+0.16−0.15
H −0.13+0.03−0.03 −0.85+0.25−0.26 −6.38+0.45−0.29
k = 0 D −0.06+0.02−0.02 2.71+0.11−0.11 46.55+31.17−14.55
FS E −0.35+0.02−0.02 1.70+0.11−0.12 4.88+0.70−0.63
F −0.19+0.02−0.03 1.25+0.14−0.15 6.58+1.82−1.46
G −0.83+0.04−0.04 −3.43+0.24−0.25 −4.15+0.10−0.10
H −0.13+0.03−0.03 −1.06+0.25−0.27 −8
k = 2 D −0.20+0.08−0.09 1.31+0.18−0.21 6.61+6.06−2.83
RS E −3.48+0.68−0.98 −1.22+0.79−1.14 −0.35+0.20−0.18
F −0.92+0.18−0.22 0.15+0.36−0.44 0.17+0.52−0.42
G 3.80+0.30−0.25 7.66
+0.40
−0.33 −2.01+0.05−0.05
H −0.54+0.16−0.21 −1.88+0.62−0.78 −3.46+0.15−0.10
k = 2 D −0.20+0.08−0.09 2.80+0.08−0.09 14.18+10.39−4.85
FS E −3.48+0.68−0.98 1.01+0.45−0.65 0.29+0.23−0.21
F −0.92+0.18−0.22 2.08+0.18−0.22 2.25+0.78−0.63
G 3.80+0.30−0.25 10.34
+0.69
−0.56 −2.72+0.03−0.03
H −0.54+0.16−0.21 −2.18+0.65−0.82 −4
Table 3. Consistency checks if a single
variable out of Eiso, nref, η were to dic-
tate the range of both break time T and
X-ray/optical luminosity L. An X marks
consistency with LTX, and O marks con-
sistency with LTO. A value p = 2.2 has
been used.
Eiso nref ηRS ηFS
k = 0 D – X – –
E – – – –
F – – – –
G – – – –
H – X X X
k = 2 D – X – –
E – – – –
F – – O –
G – – – –
H – X X X
In conclusion, neither basic thin shell models nor basic thin shells
with three-point correlations between Eiso, nref, η lead to either LTO
or LTX correlations. Some possibilities emerge when one of the
parameters is taken have no impact on T and LX/LO, but this seems
hard to reconcile with the ranges of parameters that have been
reported in the literature (see e.g. Soderberg et al. 2006; Kocevski
& Butler 2008; Cenko et al. 2011; Racusin et al. 2011). When the
correlation is obtained through varying a single parameter only,
a number of possibilities appear for the LTX correlation, but the
LTO correlation remains difficult, and again the price is to assume
that parameters actually vary substantially less than reported in the
literature.
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2418 H. J. van Eerten
An alternative possible extension to the basic thin shell model in
order to account for LTX and LTO correlations could be the intro-
duction of explicit time dependence in any of the model parame-
ters. In the case of Eiso, η and nref, both break time and luminosity
are affected. If this is applied instead to any of the microphysics
parameters (i.e. the degree of magnetization 	B, the fraction of en-
ergy in shock-accelerated electrons 	e, or the fraction ξN of electrons
accelerated to a non-thermal distribution), it would affect only the
luminosity. Theoretical examples of this approach can be found in
Granot et al. (2006) and Hascoet, Daigne & Mochkovitch (2014).
Evidence for evolving microphysical parameters has also been re-
ported in observational studies (e.g. Filgas et al. 2011; van der Horst
et al. 2014), but these have been inferred for individual cases from
the temporal evolution of spectral breaks, rather than consideration
of the LTX/LTO correlations. In order to obtain the correlations
from evolving parameter observations, it needs to be demonstrated
both that the observed time evolution follows the correct power law
in time (obeying constraints that can be obtained in a manner similar
to those on the internal correlations on the physics parameters) and
that the time evolution occurs universally for all bursts, rather than
individual cases.
3.3 Thick shells
For thick shell models with power-law energy injection, where
Liso ≡ Liso,0tq, and Eiso ≡ Liso,0Tq + 1/(q + 1) and η the Lorentz
factor of the inflowing wind from the source, the non-correlation
between Eiso and T implies that Liso,0 and q cannot both be univer-
sally fixed values. A successful progenitor model with a given q
(e.g. q = 0 for a magnetar; Dai & Lu 1998) therefore needs to be
able to account for the fact that Eiso and T, rather than Liso,0 and T, are
independent stochastic variables. In thick shell models with ejecta
of mass M accelerated to a single Lorentz factor η (also a measure
of the Baryon loading of the fireball, according to Eiso/Mc2 = η),
the role of energy injection luminosity is played by ˙M , the mass
crossing the RS per unit time.
As was pointed out previously (Leventis, Wijers & van der Horst
2014; Van Eerten 2014), the LTX and LTO correlations emerge
naturally for the thick shell case. For general k, we have for the RS
region emission:
LD ∝ E
15−4k
3(4−k)
iso T
2k−9
3(4−k) ,
LE ∝ E
17−6k
3(4−k)
iso T
−7
3(4−k) ,
LF ∝ E
16−3k
4(4−k)
iso T
5k−16
4(4−k) ,
LG ∝ E
20−5k−pk
4(4−k)
iso T
3k−12−pk
4(4−k) ,
LH ∝ E
16−2k−pk
4(4−k)
iso T
6k−16−pk
4(4−k) ,
where we kept Eiso explicit as well, given its potential to skew the
LTX/LTO correlation via an implicit dependence on T, as discussed
above. For the FS region emission, we have
LD ∝ E
10−4k
3(4−k)
iso T
2−k
4−k ,
LE ∝ E
14−6k
3(4−k)
iso T
2−3k
3(4−k) ,
LF ∝ E
3
4
isoT
−1
4 ,
LG ∝ E
12−5k+4p−pk
4(4−k)
iso T
12−5k−12p+3pk
4(4−k) ,
LH ∝ E
2+p
4
iso T
2−3p
4 .
Specific values for k = (0, 2) and p = 2.2 are included in ta-
ble 4 of Van Eerten (2014). The synchrotron slope p typically
lies around ∼2.2 (either at a universal value, observed within
a range due to measurement errors, or intrinsically distributed
across some range), both according to theory (e.g. Kirk et al.
2000; Achterberg et al. 2001) and observations (e.g. Curran et al.
2009; Ryan et al. 2014). As discussed in Van Eerten (2014), the
thick shell equations above imply that, for the cases k = 0 (‘in-
terstellar medium’, ‘ISM’) and k = 2 (‘wind’), there is no clear
support for the LTO correlation from FS emission (and multiple
options from RS emission), although LG ∝ T−(0.9 + 0.75p), where
p ≡ p − 2.2, comes closest to achieving the LTO correlation from
FS emission. Furthermore, although the error bars in the reported
correlation are too large to admit definitive statements, LH generally
comes closest to explaining the LTX correlation. For FS emission
we have LH ∝ T−(1.15 + 0.75p), independent of k. For RS emission in
a wind, we have LH ∝ T−(1.05 + 0.25p).
4 C O R R E L AT I O N S IN A S Y N T H E T I C
L I G H T- C U RV E P O P U L AT I O N
One can test what correlations emerge in practice by sampling a
set of artificially generated light curves based on some underlying
model (e.g. thick or thin shell) and assumed underlying populations
for the various model parameters. Unfortunately, the real distribu-
tions occurring in nature for such parameters as Eiso, nref and T
are not well known, although we can make some broad estimates
based on the accumulated results of afterglow analysis so far. For
this reason, one should not draw strong conclusions if they depend
sensitively on the shape of any of the model parameter distributions
and we will avoid doing so. Instead, we use the analysis below to
make two points that turn out to be robust under changes in the
underlying distribution: (1) it remains difficult to reconcile the thin
shell model with the observed correlations and (2) the thick shell
model preference for RS emission in order to explain the LTO cor-
relation is no longer significant when a sample of artificial bursts is
considered.
A large number (10 000) of collections of break times and fluxes,
500 bursts each, are generated randomly, both for thick and thin
shell models, based on flux equations from Van Eerten (2014) and
Yi et al. (2013), respectively. The spread of the inferred correlation
slopes increases with decreasing sample size, going to e.g. 50 bursts
each, as one would expect, and decreases for increasing sample size
(e.g. 5000). However, this is found to not impact the results. The
illustrative value of 500 reflects the order of the size of the Swift XRT
sample. Unless otherwise specified, the following model parameter
values are used. Redshift is kept fixed at z = 0, dL set to 1028 cm;
no attempt will be made to capture the observed scale factor in
front of the correlations (i.e. log C, from log L = log C + αlog T).
log Eiso is drawn from a Gaussian distribution centred at 53 (i.e.
Eiso = 1053 erg), with standard deviation σ = 1. For the ISM case,
log nref is drawn from a Gaussian distribution centred at log 1, with
standard deviation σ = 2, for the wind case log nref = log 29.89 (at
Rref = 1017 cm), with the same standard deviation. These energy and
density ranges were informed by Cenko et al. (2011). A Synchrotron
slope p is drawn from a Gaussian distribution peaking at 2.2, with
σ = 0.1 and values p < 2.01 are redrawn in order to avoid the need
to introduce a more complicated synchrotron model with upper
cut-off Lorentz factor for the accelerated particle population. As
discussed previously, these p values are consistent with Kirk et al.
(2000), Achterberg et al. (2001), Curran et al. (2009) and Ryan
et al. (2014). Accelerated electron energy fraction 	e is kept at 0.1,
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Table 4. First part: average consistency measures 〈m〉 between LTX/LTO correlations and
10 000 runs of 500 bursts each, for different environments, emission region and shell types.
When 〈m〉 < 1, the synthetic samples are consistent with the correlation reported in the
literature within their 1σ error bars. Second part: average probability (over 10 000 runs) of
chance correlation 〈ρ〉 within a synthetic sample, between LX and T, LO and T, Eiso and
T from top to bottom. The exact threshold for declaring two parameters to be correlated is
arbitrary, but will have 〈ρ〉  1. In this table, this condition is met everywhere, except for
the thick shell correlations between Eiso and T.
Thin Thin Thin Thin Thick Thick Thick Thick
FS RS FS RS FS RS FS RS
ISM ISM wind wind ISM ISM wind wind
〈m〉 LTX 1.6 2.0 4.9 6.3 0.6 0.8 1.9 0.7
LTO 0.8 2.2 10.0 12.0 0.9 0.8 0.7 0.9
〈ρ〉 LTX 10−41 10−31 10−143 10−132 10−5 10−4 10−6 10−4
LTO 10−25 10−24 10−88 10−89 10−3 10−2 10−5 10−3
E–T 10−6 10−6 10−6 10−6 0.5 0.5 0.5 0.5
accelerated electron number density fraction ξN at 1 and magnetic
field energy fraction 	B = 10−2. For thin shells, ejecta Lorentz
factor log η is drawn from a Gaussian distribution centred at log 25,
with σ = 0.5. For thick shells, log η peaks at log 104, with the same
standard deviation. Note that, in the thick shell case, η is the Lorentz
factor of the material entering the ejecta through the RS, and the
Lorentz factor of the shocked ejecta itself can be much smaller (see
e.g. Van Eerten 2014). For the thick shell case, energy injection
durations T are drawn from a Gaussian distribution in log space
with log T peaking at log 5 × 103 and σ = 0.5. For thin shells, T
is calculated according to equation (4), with pre-factor given by Yi
et al. (2013).
4.1 Thin shells
For all of the four permutations of (RS, FS) and k = (0, 2), the corre-
lation between log Eiso and log T is found to remain strongly intact: a
Spearman rank test indicates correlations with chance probabilities
ρ  1 for all individual runs, as tabulated in Table 4.
Searches for LTX/LTO type correlations for thin shell models also
reveal very small chance probabilities, implying that correlations
between these quantities genuinely emerge from the samples (see
table 4). However, as anticipated, this emergence is driven by the
shape of the underlying model parameter distributions. If, for exam-
ple, the width of the log nref distribution is changed from 2 to 1 (such
that it becomes comparable to the range of e.g. Eiso), the existence
of correlations becomes doubtful in the ISM case and 〈ρ〉 ∼ 0.3 for
both LTX, LTO in both FS and RS cases (but not the existence of a
correlation between Eiso and T, which remains intact).
Regardless, the best fits for log L = log C + αlog T are inconsis-
tent with the LTX and LTO correlation α values. A consistency test
using the measure
m = |αobserved − αsynthetic|√
σ 2observed + σ 2synthetic
, (10)
where (in the asymmetric LTO case) σ observed is the error in the
direction ofαsynthetic, generally results in (on average for 10 000 runs)
〈m〉 > 1, as shown in the table. An m value <1 is expected for full
consistency within 1σ error bars between synthetically generated
and observed LTX/LTO correlations, a value m < 3 indicating that
the synthetic result comes interestingly close. This is also illustrated
visually in Fig. 1. Here the best-fitting correlation slopes for a subset
of 1000 samples are overplotted on the LTX/LTO correlations from
the literature. Because each individual correlation measure from a
synthetic sample has an associated error bar, the data points do not
need to lie exactly within the crossing of the literature correlation
bands in order to be consistent. This is indicated with the colour
coding of the data points (the thick shell analogue of this plot,
provided by Fig. 2 and discussed below, for example, shows some
green data points outside of the square where the two bands overlap).
Altogether, the population study demonstrates that it remains
extremely difficult to reconcile the basic thin shell model with the
LTX/LTO correlations and the expected Eiso–T non-correlation. In
reality, even thin shells will not have a sharply defined back as
assumed by simplified crossing time calculations. However, if one
tries to use this aspect to weaken the Eiso–T correlations, one also
further weakens the LTX/LTO correlations by the same token. It
also makes it even more difficult to explain values of the reported
LTX/LTO correlations.
4.2 Thick shells
When samples are generated for the thick shell scenario, no spurious
correlations between Eiso and T are found on average, with ρ = 0.5
for all four (RS, FS) and k = (0, 2) permutations. The average
chance probabilities for all correlations are reported next to the thin
shell case in Table 4. The weakest reported correlation is for LTO,
RS, k = 0.
The match between the reported correlations from the sample
runs and the reported LTX/LTO correlations are shown in Fig. 2.
The main point from these figures is that, on the whole, there are
various routes to reproducing the LTX/LTO correlations even when
using the same emission region (RS or FS) to account for both.
For the underlying model parameter distributions that have been
used, FS emission from thick shells in a stellar wind environment
performs the poorest in reproducing the LTX correlation.
More insight into how exactly the correlations follow from the
thick shell model luminosity equations, can be gained from ex-
amining a single sample in detail. In Fig. 3, the combinations of
characteristic frequencies νm and νc are plotted for each burst in
single a synthetic sample. The parameter space is divided into a
number of regions by the X-ray and optical observer frequencies
and along the line where νm = νc. Each tile in Fig. 3 represents
a certain combination of spectral regimes for optical and X-ray
observations, according to equation (5). The leftmost tile on the
middle row corresponds to X-ray observations in regime H and op-
tical observations in regime G, etc. In Fig. 4, all possible spectral
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Figure 1. Comparison between correlation slopes for 1000 thin shell sample runs and observational LTO (horizontal direction) and LTX (vertical direction)
slopes. Grey band indicate 1σ errors on LTX/LTO correlations. Green dots are runs consistent within 1σ error bars for both (according to equation 10), orange
dots are consistent within 3σ for both but not 1σ for both and red dots pass neither test. Vertical grey lines denote wider LTO error bars from Panaitescu &
Vestrand (2011).
orderings are listed, as well as the spectral regimes in optical (O)
and X-rays (X). Tiles where the model predictions are consistent
with the LTX/LTO correlations are coloured green in Fig. 3 (no
account was made for the fact that optical and X-ray observations
typically probe different spectral regimes, as discussed in Section 2.
Using Fig. 4, one can identify where the optical and X-ray spectral
regimes are identical. In principle, this could be used in a future pop-
ulation study to constrain the possible underlying model parameter
distributions). The consistency between a luminosity equation and
the LTX/LTO correlations is determined assuming p to lie within
the range 2.07–2.51 (see Van Eerten 2014; Ryan et al. 2014). Note,
however, that the correlation slopes from the synthetic sample are
calculated from the entire sample. It is therefore not necessary for
all individual bursts to lie within green tiles. In fact, given the er-
ror bars on the correlation slopes calculated from the sample (with
sizes determined by the ranges of the underlying distributions of
the model parameters and the number of burst per sample), it is
sometimes even possible to reproduce a slope consistent with the
literature without any individual burst in the sample within a green
tile (compare e.g. the FS wind case without green tiles to the slope
plot from Fig. 2, which nevertheless does show a number of green
data points).
The implication is that thick shells are capable of reproducing the
observed LTX/LTO correlations without requiring overly specific
underlying parameter distributions.
5 D I SCUSSI ON AND SUMMARY
The existence of various correlations between parameters (e.g. lumi-
nosity, characteristic break times, fluence) describing GRB prompt
emission and afterglow light curves at early and late times, is a
striking result that emerges whenever large samples of GRBs are
studied. Ideally, these correlations can be used to test model pre-
dictions (as done in e.g. Dado & Dar 2013, for ‘cannonball’ type
models) and distinguish between models capable of reproducing the
correlations and those that require either fine-tuning or are falsified
altogether.
One way of obtaining specific correlations is via introducing
time dependence in the parameters describing the microphysics
of the radiation (see e.g. Granot et al. 2006; Hascoet et al. 2014
for examples involving 	B, 	e), but this additionally requires an
underlying microphysical model justifying the precise nature of
the newly introduced physics (e.g. why 	e depends on circumburst
density, not blast wave Lorentz factor, again see Hascoet et al. 2014).
Here, I take a more limited approach and stay with the standard
non-changing microphysics assumption for relativistic blast waves
in the context of thick and thin shell models. In the thin shell model,
the afterglow plateau phase is the result of the pre-deceleration
emission from a slower component in a two-component or jet–
cocoon type model. For thick shells, the plateaus result from energy
injection either in the form of late activity from the source of via ad-
ditional kinetic energy from slower ejecta catching up with the blast
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Figure 2. Same as Fig. 1, now for thick shells: comparison between correlation slopes for 1000 sample runs and observational LTO (horizontal direction) and
LTX (vertical direction) slopes. Grey band indicate 1σ errors on LTX/LTO correlations. Green dots are runs consistent within 1σ error bars for both (according
to equation 10), orange dots are consistent within 3σ for both but not 1σ for both and red dots pass neither test. Vertical grey lines denote wider LTO error bars
from Panaitescu & Vestrand (2011).
wave, as long as the amount of energy injected remains sufficiently
large to allow for a relativistic RS.
It is shown that thin shell models cannot be reconciled with
the observed LTX/LTO correlations between afterglow plateau
end time and luminosity and that they imply the existence of a
correlation between plateau end time and ejecta energy that is
not seen in the data. Basic thin shell models where the underly-
ing physics parameters, explosion energy, circumburst density and
ejecta Lorentz factor, remain uncorrelated do not lead to a correla-
tion between time and luminosity, while no three-point correlations
between the three physics parameters are possible that can explain
both the LTX and LTO correlation even when each of those is
shaped by a different dominant emission region or spectral regime.
This does not mean that successful data fits using a thin shell model
are not possible. In theory, it might even be possible to successfully
fit all bursts with plateau stages in this way. However, this study
demonstrates that such an effort will inevitably lead to a sample
whose properties as a whole cannot be explained from the basic
thin shell model alone, and within which additional model param-
eter correlations will have emerged.
Thick shell models, on the other hand, can easily reproduce the
LTX/LTO correlations across a range of uncorrelated underlying
values for the model parameters. They do this so well, in fact, that
it is unfortunately difficult to distinguish in this way between FS
and RS emission-dominated models, or homogeneous and stellar
wind-type environments. By definition, the observed flux is shaped
by simultaneous emission from both regions. Whether one region
dominates or whether the two contributions are comparable depends
on the values for the model parameters (and possibly on differences
in their microphysics parameters, such as 	B). In the case of compa-
rable contributions, the existence of a clear LTX correlation implies
that both regions emit in one of the allowed spectral regimes, al-
though not necessarily in the same one.
It is tempting to take the falsification of the basic thin shell model
in its simple form as an argument against the collapsar nature for
GRBs with plateaus in their afterglows, since the traditional single
thin shell and two-component jet–cocoon system cannot explain,
respectively, the existence of plateaus and the luminosity–time cor-
relations involving plateaus. However, this is likely an overintepre-
tation of an overly simplified model, and collapsar outflows proba-
bly involve a range of Lorentz factors that thereby can account for
late energy injection into the FS, moving the collapsar afterglow
predictions into thick shell territory. In any case, the results from
this study are certainly consistent with long-term energy injection,
as expected e.g. from a magnetar model. Thick shell models are
capable of reproducing the LTX/LTO correlations independent of
the value of q, which drops out of the equations at when observing
at T.
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Figure 3. Characteristic frequencies for single samples of 2000 bursts in the thick shell scenario. Each dot represents a single combination of νm (horizontally)
and νc (vertically). Observer frequencies at X-rays (3 × 1017 Hz) and R band (4.6 × 1014 Hz) are overplotted with horizontal and vertical lines. The diagonal
line marks the point where νm = νc. Green coloured regions of parameter space are consistent with both the LTX and LTO correlations (this depends on in
which spectral regimes optical and X-ray observations fall for a given region).
Figure 4. Overview of possible ordering of observation frequencies in
optical (νO) and X-ray (νc), and characteristic frequencies νm (synchrotron
injection break) and νc (synchrotron cooling break), for comparison with
the burst populations plotted in Fig. 3. Again, the diagonal line marks
where νm = νc. The left vertical line/lower horizontal line marks the optical
observation frequency, the right vertical line/upper horizontal line marks the
X-ray frequency.
Table 5. Same as Table 4, now using 	B = 10−6.
Thick Thick Thick Thick
FS RS FS RS
ISM ISM wind wind
〈m〉 LTX 0.9 1.3 0.9 0.8
LTO 0.9 0.8 2.0 1.3
〈ρ〉 LTX 10−2 10−2 10−4 10−3
LTO 10−2 10−2 10−3 10−2
E–T 0.5 0.5 0.5 0.5
An interesting possibility for further study is the potential for
FS and RS regions to jointly shape the afterglow light curve and
together account for the observed correlations. Especially if the two
regions have strongly differing magnetizations, they can dominate
the total emission in different spectral regimes (which might account
for the lack of correlation between decay slopes in optical and
X-rays reported by Li et al. 2012).
If the degree of magnetization is altered, going from 	B = 10−2
to a far lower 10−6 (see e.g. Santana, Barniol Duran & Kumar
2014 for studies yielding significantly lower afterglow magnetiza-
tions than 	B ∼ 10−2), the results are as tabulated in Table 5. The
odds of chance correlations increase, but genuine correlations re-
main likely. On the whole, it becomes slightly harder to reproduce
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the LTX/LTO correlations from the literature, leading to sample
based correlation results and literature LTX/LTO correlations that
are sometimes consistent only within their 2σ error bars. On the
one hand, this indicates that, if a combination of FS and RS emis-
sion with different magnetizations is used to explain plateaus, the
amount of freedom within parameter space is limited. On the other
hand, the fact that going from 	B = 10−2 to an extreme 	B = 10−6
still leaves the thick shell model viable as an explanation for the
LTX/LTO correlations at all, is an indication of the robustness of
this result.
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